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$F$ $n$ , $K$ $F$ 2 . $\chi$ $K$
$F$ Hecke .
Conjecture (Colmez, Yoshida).
$\exp(\frac{L’(0,\chi)}{L(0,\chi)})\sim\pi^{n}\prod_{\sigma\in J_{K}}p_{K}(\mathrm{i}\mathrm{d}, \mathrm{i}\mathrm{d})\sim\pi^{n}(\prod_{\Phi}p_{K}(\Phi, \Phi))^{1/2^{\mathrm{n}-1}}$ .
$a,$ $b\in \mathrm{C}$ $a\sim b$ $b\neq 0,$
$a/b\in\overline{\mathrm{Q}}$ . $J_{K}$ $K$
$\mathrm{C}$ . $p_{K}$ . $\Phi$






. 2 $K$ $-d$ , $K$ , $w$ $K$
1 .
Conjecture .
\S 1. A limit formula
$u=(u_{1}, u_{2}, \ldots, u_{n})\in \mathrm{C}^{n}$
$T(u)=u_{1}+u_{2}+\cdots+u_{n}$ , $N(u)=u_{1}u_{2}\cdots u_{n}$
. $\mathcal{O}_{F}$ $F$ , $E_{F}=O_{F}^{\mathrm{X}}$ $F$ . $F$
regulator $R_{F}$ , different
,
$\text{ }V_{F}$ , $D_{F}$ .
$V=\mathcal{O}_{F}\oplus O_{F}\backslash \{(0,0)\}$
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. , $\mathrm{R}_{+}$ $\text{ }$ . Eisenstein
$E(z, s)= \sum_{(c,d)\in V/E_{F}}\frac{N(y)^{s}}{N(|cz+d|)^{2s}}$
. $s\in \mathrm{C},$ $z\in \mathfrak{H}^{n},$ $y={\rm Im}(z)\in \mathrm{R}_{+}^{n}$ . $E(z, s)$
$s$ \rangle $s=1$ simple pole
. $F$ 1 .
1
$E(z, s)=-2^{n-2}R_{F^{S^{n-1}}}[1+(2n \gamma+2n\log 2\pi-2\log D_{F}-\frac{D_{F}^{1/2}\gamma_{F}}{2^{n-2}R_{F}}$
(1)
$-h(z)+\log N(y))s]+O(s^{\mathfrak{n}+1})$ , $sarrow 0$ ,
$h(z)= \frac{D_{F}}{2^{n-2}\pi^{\mathrm{n}}R_{F}}[\zeta_{F}(2)N(y)$
(2)
$+ \pi^{n}D_{F}^{-3/2}\sum_{0\neq\iota\epsilon v_{F}^{-1}}|N(b)|^{-1}\sigma_{1}(bd)\exp(2\pi i(T(bx)+T(|by|))]$
. . $\gamma$ Euler , $\zeta_{F}(s)$
$F$ Dedekind , Euler – $\gamma_{F}$
$\zeta_{F}(s)=\frac{2^{n-1}D_{F}^{-1/2}R_{F}}{s-1}+\gamma_{F}+O(s-1)$ , $sarrow 1$
. $N(b)$ $b$ . $d$ $F$ differental idele ,
$\sigma_{1}(bd)=\prod_{\mathrm{p}|(b)\Phi p}(1+N(\mathfrak{p})+\cdots+N(\mathfrak{p})^{\mathrm{o}\mathrm{r}\mathrm{d},((b)0_{F})})$
divisor function $x={\rm Re}(z)\in \mathrm{R}^{n}$ .
$h(z)$ , $h(z)-\log N(y)$ $zarrow\gamma z,$ $\gamma\in GL^{+}(2, O_{F})$
, Hecke .
2
$GL^{+}(2, O_{F})=\{\gamma\in GL(2, \mathcal{O}_{F})|\det\gamma\gg 0\}$ .
1 $E(z, s)$ $s=1$ , $s=0$
. [Y2], Chapter V .








$S$ $\{1, 2, \ldots, n\}$ $\{1, -1\}$ . $\delta\in S$
. $\delta’(i)=(1-\delta(i))/2$ . $z=(z_{1}, z_{2}, \ldots, z_{n})\in$
$C_{\delta}(z)=(\ldots,\delta(i)\rho^{\delta’}(z_{i}),$ $\ldots)\in \mathfrak{H}^{n}$
. $\rho$ . $C_{\delta}(z)$ $i$ $\delta(i)=1$






. $\mathrm{s}\mathrm{g}\mathrm{n}(b)=\delta$ – . $F$
$\mathrm{R}$ $\{\sigma_{1}, \sigma_{2}, \ldots, \sigma_{n}\}$ . $\mathrm{s}\mathrm{g}\mathrm{n}(b)=\delta$ $b^{\sigma}$:




. $\delta_{1}\in S$ $\delta_{1}(i)=1,1\leqq i\leqq n$ .
$H(z)=H_{\delta_{1}}(z)$





Example 2. [$F$ :Ql $=2$ $H(z)$ Hecke Werke No.
20, \S 5 . $\epsilon$ $F$ . $N(\epsilon)=-1$
$h(z_{1}, z_{2})=H(z_{1}, z_{2})+\overline{H(z_{1},z_{2})}+H(\epsilon z_{1}, \epsilon’\overline{z}_{2})+\overline{H(\epsilon z_{1},\epsilon’\overline{z}_{2})}$
. $\epsilon’=-1/\epsilon$ $\epsilon$ .
\S 2. Arithmetic
(z), $H(z)$ CM-point .
Theorem. $K$ $F$ 2 . $\mathfrak{U}_{1},$ $\mathfrak{U}_{2},$ $\ldots,$ $\mathfrak{U}_{h_{K}}$ $K$
.
$\%=\omega_{i,1}\mathcal{O}_{F}\oplus\omega_{i,2}\mathcal{O}_{F}$ , $w_{i}=\omega_{i,1}/\omega_{i,2}$
. $K$ CM-type $\Phi_{i}$
${\rm Im}(w_{i}^{\sigma})>0$ , $\forall\sigma\in\Phi_{1}$
. $(w_{i}^{\sigma})_{\sigma\in\Phi_{1}}$ \dagger $\mathfrak{H}^{n}$ , $w_{i}$
.
$\frac{L’(0,\chi)}{L(0,\chi)}=n\gamma+n\log 4\pi-\frac{1}{2}\log|D_{K}|-\frac{D_{F}^{1/2}\gamma_{F}}{2^{n-1}R_{F}}$
$- \frac{1}{\text{ _{}K}}\sum_{i=1}^{h_{K}}(h(w_{i})-\log(N({\rm Im}(w_{i})))$
.
$F$ 1 , ,
[Y2], Chapter $\mathrm{V}$ , Theorem 2.5 .
, \S 0 Conjecture





$F=\mathrm{Q}$ . $p_{K}(\rho, \rho)\sim p_{K}(\mathrm{i}\mathrm{d}, \mathrm{i}\mathrm{d})$ , $(6_{c})$
(8) $( \prod_{i=1}^{h_{K}}|\eta(w_{i})|^{4})^{1/h_{k}}\sim p_{K}(\mathrm{i}\mathrm{d},\mathrm{i}\mathrm{d})^{2}$
.
$\eta(w_{i})^{2}\sim\eta(-\overline{w}_{i})^{2}\sim p_{K}(\mathrm{i}\mathrm{d},\mathrm{i}\mathrm{d})$ , $\overline{\eta(w_{i})}=\eta(-\overline{w}_{i})$
(8) , Chowla-Selberg formula .
$(7_{\mathrm{c}})$ (5) . ,
.
.
Hope. $K$ CM-type $\Phi$ . $\Phi=\{\sigma_{1}, \sigma_{2}, \ldots, \sigma_{n}\},$ $\sigma_{i}\in J_{K}$ .
$\delta\in S$ CM-type $\Phi(\delta)=$ $\{$ . . . ; $\sigma_{i}\rho^{\delta^{l}(i)},$ $\ldots\}$ Tbeorem




$E_{2}(z, s)= \sum_{(c,d)\in V/Ep}N(cz+d)^{-2}N(|cz+d|)^{-s}$ , $z\in fl^{n}$ , $s\in \mathrm{C}$
. $E(z, s)$ $s$ .
$E_{2}(z)=E_{2}(z, 0)$
. $n\geqq 2$ $E_{2}(z)$ $GL^{+}(2, O_{F})[]^{}$. weight $(2, 2, \ldots, 2)$
Fourier
(9) $E_{2}(z)=\zeta_{F}(2)+(2\pi i)^{n}D_{F}^{-3/2}$ $\sum$ $\sigma_{1}(bd)\exp(2\pi iT(bz))$
$0\ll b\in\Phi_{\overline{p}^{1}}$
. (4) (9)
(10) $\frac{\partial}{\partial z_{1}}$ . . . $\frac{\partial}{\partial z_{1}}H(z)=\frac{D_{F}}{2^{n-2}(2\pi i)^{n}R_{F}}E_{2}(z)$
106
. (10) $n=2$ Hecke Werke, P. 398 .
$n=1$




\S 3. Periods and cohomology
\S 2 Hope .
(10) . Eichler-
cohomology . [Y2], Chapter V, \S 5
,
.
$[F:\mathrm{Q}]=2$ , $\Gamma$ $SL(2, O_{F})$ . $F$ $\mathrm{R}$
$\{\sigma_{1}, \sigma_{2}\}$ , $\gamma=\in\Gamma$ $\gamma^{(i)}=(^{a^{\sigma}}c^{\sigma_{*}}:$ $d^{\sigma:),i=1}b^{\sigma}:$ ,
2 .
$\Gamma$ weight $(2, 2)$ $h$ . D( ) $=$
$h(z)dz_{1}dz_{2}$ . $(w_{1}, w_{2})\in \mathfrak{H}^{2}$
$H(z)= \int_{w_{1}}^{z_{1}}\int_{w_{2}}^{z_{2}}$ O( ), $z=(z_{1},z_{2})\in \mathfrak{H}^{2}$
. $H(z)\text{ ^{}2}$
$\frac{\partial}{\partial z_{1}}\frac{\partial}{\partial z_{2}}H(z)=$ (z)
. $\mathfrak{H}^{2}$ $\mathcal{H}$ ,
$(\gamma\varphi)(z)=\varphi(\gamma^{-1}z)$ , $\varphi\in \mathcal{H}$ , $\gamma\in\Gamma$
, $\mathcal{H}$ left $\Gamma$-module , $\gamma\in\Gamma$
$( \gamma H)(z)=\cdot H(\gamma^{-1}(z))=\int_{w_{1}}^{(\gamma^{(1)})^{-1}z_{1}}\int_{w_{2}}^{(\gamma^{(2)})^{-1_{Z_{2}}}}$ $V( \text{ })=\int_{(1)}^{z_{1}}w_{1}\int_{\gamma^{(2)}w_{2}}^{z\mathrm{a}}V(h)$
107
(11) $\frac{\partial}{\partial z_{1}}\frac{\partial}{\partial z_{2}}(\gamma H-H)=0$
.
(12) $(\gamma H-H)(z_{1},z_{2})=f(\gamma;z_{1})+g(\gamma,z_{2})$
. $f(\gamma;z_{1})$ $z_{1}$ , $g(\gamma;z_{2})$
$z_{2}$ . $f(\gamma;z_{1}),$ $g(\gamma;z_{2})$ $\mathcal{H}$ $\Gamma$
l-chain . $d$ $\Gamma$ n-chain $n+1$-chain coboundary
. (12)
(13) $df(\gamma_{1}, \gamma_{2};z_{1})+dg(\gamma_{1}, \gamma_{2};z_{2})=0$ , $\gamma_{1},\gamma_{2}\in\Gamma$
. $df(\gamma_{1},\gamma_{2};z_{1})$ $z_{1}$ , $dg(\gamma_{1}, \gamma_{2};z_{2})$ $z_{2}$
, (13)
(14) $df(\gamma_{1}, \gamma_{2};z_{1})=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}\in \mathrm{C}$
. $df(\gamma_{1}, \gamma_{2};z_{1})$ $\Gamma$ $\mathrm{C}$ 2-chain ,
2-cocycle cohomology $\mathrm{c}(\text{ })\in \mathrm{H}^{2}(\Gamma, \mathrm{C})$
. cohomology .
$c(h)$ , (12)
. $\mathrm{c}(h)$ 2-cocycle $\tilde{c}(h)$
(15) $\tilde{c}(h)(\gamma_{1}, \gamma_{2})=\int_{(\gamma_{1}\gamma_{2})^{(1)}w_{1}}^{\gamma_{1}^{(1)}w_{1}}\int_{w_{2}}^{\gamma_{1}^{(2)}w_{2}}$ O( ), $\gamma_{1},$ $\gamma_{2}\in\Gamma$
.
[S] G. Shimura, Abelian varieties with complex multiplication and modular
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